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ABSTRACT. An integral domain D is said to be of finite character (resp., finite
t-character) if every nonzero nonunit of D belongs to at most a finite number
of maximal ideals (resp., maximal t-ideals) of D. Let S be a multiplicative set
of D. In this paper we study when Dg being of finite character (resp., finite
t-character) implies that D is of finite character (resp., finite t-character).

INTRODUCTION

An integral domain D is called a domain of finite character if every nonzero
nonunit of D belongs to at most a finite number of maximal ideals of D. Domains
of finite character include semi-quasi-local domains and one-dimensional Noetherian
domains. Likewise, D is said to be of finite t-character if every nonzero nonunit
of D belongs to at most a finite number of maximal ¢-ideals. Integral domains of
finite t-character include UFD’s, Krull domains, Noetherian domains, and Priifer
domains of finite character. Necessary definitions will be provided in the following.
In [3, Proposition 3.1], where the emphasis was on domains of finite ¢-character, a
statement dubbed as a “Nagata-like theorem” was proved. The statement goes as:

Proposition 1. Let S be a saturated multiplicative set of D, and consider the
following two conditions: (i) each nonzero nonunit x € D belongs to only finitely
many mazimal t-ideals intersecting S and (ii) every mazimal t-ideal P of D with
PNS = 0 is contracted from a maximal t-ideal of Dg: If Dg is of finite t-character,
then the following are equivalent.

(1) D is of finite t-character.
(2) The condition (i) holds and D is conditionally well behaved.
(3) The conditions (i) and (ii) hold.

Here D is said to be conditionally well behaved if for each maximal ¢-ideal M of
D we have M D) a t-ideal. We know that if D is of finite ¢-character, then D is
conditionally well behaved [3, Lemma 1.1]. A working introduction to the notions
involved will be provided in due course. The aim of this note is to provide some
further applications of Proposition 1 (in Section 1) and to give a non t-operation
version of this result (in Section 2) as: Let S be a saturated multiplicative set of D
such that every nonzero nonunit of D belongs to at most a finite number of mazimal
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ideals M of D with M NS # 0. If Dg is of finite character, then so is D. We shall
also look at the consequences of this statement.

Let D be an integral domain with quotient field K and let F'(D) denote the set
of nonzero fractional ideals of D. For A € F(D), the set A~! = {z € K |2zA C D}
is a fractional ideal of D. Denote the fractional ideal (A=!)~! by A, and define
A; = UF,, where F ranges over finitely generated nonzero subideals of A. The
functions on F'(D) defined by A — A, and by A — A; are examples of the so-
called star operations. For a review of star operations, the reader may look up
Sections 32 and 34 of [13]. If % represents the v- or t-operation, then A is called
a *x-ideal if A = A, and a *-ideal of finite type if A = B, for a finitely generated
ideal B. A x-ideal of D is called a mazimal *-ideal if it is maximal among proper
integral *-ideals of D. Let t-Max(D) be the set of all maximal t-ideals of D. It is
well known that each proper t-ideal is contained in a maximal t-ideal; each maximal
t-ideal is a prime ideal; and D = Npeymax(p)Dp-

1. DOMAINS OF FINITE t-CHARACTER

Let D be an integral domain, S be a multiplicative set of D, and N(S) = {z €
D | (z,s), = D for all s € S}. So N(9S) is a saturated multiplicative set. It is easy
to see that D = Dgs N Dy (g), and hence Iy = (IDgs); N (IDy(g))¢ for all I € F(D)
[1, Theorem 2].

Proposition 2. Let S be a multiplicative set of D, and assume that for a mazimal
t-ideal P of D, PNS =0 if and only if PN N(S) # (.
(1) Every mazimal t-ideal P of D with PNS = () is contracted from a mazimal
t-ideal of Dg.
(2) Each nonzero nonunit x € D belongs to only finitely many mazimal t-ideals
intersecting S if and only if Dy s) is of finite t-character.

Proof. (1) Let P be a maximal t-ideal of D with PN.S = (. Then PNN(S) # ( by
assumption, and hence P = P; = (PDg); N (PDy(s))t = (PDs): N Dygy. Thus,
(PDgs): = PDg. Note that the contraction of a prime t-ideal of Dg is a prime
t-ideal of D. Hence PDg is a maximal t-ideal because P is a maximal ¢-ideal.

(2) This result follows from the observation that every maximal t-ideal P of D
with P NS # () is contracted from a maximal t-ideal of Dy (s) (this can be proved
using the assumption and an argument similar to the proof of (1) above). ([l

Corollary 3. Let S be a multiplicative set of D, and assume that for a mazimal
t-ideal P of D, PN S = 0 if and only if PN N(S) # 0. Then D is of finite
t-character if and only if Ds and Dy sy are both of finite t-character.

Proof. This follows directly from Propositions 1 and 2. (I

A saturated multiplicative set S of D is said to be splitting if each nonzero
nonunit d € D can be written as d = st, where s € S and t € N(S). Clearly, if S is
splitting, then N (S) is also a splitting set of D. Also, it can be easily verified that
if M is a maximal t-ideal of D, then M NS = ) if and only if M N N(S) # 0. Thus,
M Dg is a maximal t-ideal of Dg when M NS = @ [4, Lemma 2] (or, see the proof
of Proposition 2(1)). Hence, by Proposition 2(2) and Corollary 3, we have
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Corollary 4. (1) Let S be a splitting set of D such that every nonzero nonunit of
D belongs to at most a finite number of maximal t-ideals of D intersecting S. Then
Dg is of finite t-character if and only if D is of finite t-character.

(2) Let S be a splitting set generated by principal primes. Then Dg is of finite
t-character if and only if D is.

Let D[X] be the polynomial ring over D. For any f € D[X], let ¢(f) be the ideal
of D generated by the coefficients of f. It is known that if we let S = D\ {0}, then
N(S)={f € D[X]|c(f)y = D} (cf. [5, Proposition 3.6]). Hence, if @ is a maximal
t-ideal of D[X], then QN S = 0, i.e., QN D = (0), if and only if Q N N(S) # 0 [15,
Proposition 1.2 and Theorem 1.4]. Also, since D[X]|g is a UFD, by Corollary 3, we
have

Corollary 5. If S = D\ {0}, then D[X] is of finite t-character if and only if
D[X]n(s) is of finite t-character.

We next give another example of multiplicative sets S with property that PN.S =
() if and only if PNN(S) # 0 for all maximal ¢-ideals P of D. Let I be a torsionless
grading monoid, and let R = @ Ra be an integral domain graded by I'. That
is, each nonzero r € R, has degree «, i.e., deg(x) = «, and thus each nonzero
f € R can be written as f = x4, +- -+, with deg(z,,) = ; and oy < -+ - < ayp.
Let H be the saturated multiplicative set of nonzero homogeneous elements of R.
Then Ry, called the homogeneous quotient field of R, is a graded integral domain
whose nonzero homogeneous elements are units. For f € Ry, let C(f) denote the
(homogeneous) fractional ideal of R generated by the homogeneous components of
f. For a fractional ideal I of R with I C Ry, let C(I) = > ;; C(f); so C(I) is a
homogeneous fractional ideal of R. It is known that N(H) ={0# f € R| C(f), =
R} and R = Ry NRy(x) [6, Lemma 1.2]. As in [6], we say that R satisfies property
(#) if, for any nonzero ideal I of R, C(I); = R implies that I N N(H) # 0, i.e.,
there is an f € I such that C(f), = R. If R = D[I'], where I" # (0), or if R contains
a unit of nonzero degree, then R satisfies (#) [6, Example 1.6].

Lemma 6. Let R = @®4cr Ry be a graded integral domain with property (#). If Q
is a mazimal t-ideal of R, then QN H =0 if and only if QN N(H) # 0.

Proof. IfQNH = (), then Q € C(Q): C R, and since Q is a maximal ¢-ideal, we have
C(Q): = R. Thus, @ N N(H) # 0 because R satisfies property (#). Conversely, if
QN H # 0, then QRy () is a maximal ideal of Ry gy [6, Proposition 1.4(2)], and
thus QN N(H) = 0. O

Corollary 7. Let R = @aerRa be a graded integral domain with property (#).
Then R is of finite t-character if and only if Ry and Rymy are both of finite
t-character.

Proof. This follows directly from Corollary 3 and Lemma 6. t

An upper to zero in D[X] is a nonzero prime ideal Q of D[X] with Q N D = (0),
while D is called an UMT-domain if each upper to zero in D[X] is a maximal
t-ideal. It is well known that D is an integrally closed UMT-domain if and only if
D is a Priifer v-multiplication domain (PvMD) (that is, a domain in which each
nonzero finitely generated ideal I of D is t-invertible, i.e., (II~!), = D). Also, if
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M is a maximal t-ideal of a UMT-domain D, then M D), is a t-ideal of Dps [11,
Theorem 1.5]; hence a UMT-domain is conditionally well behaved.

Proposition 8. (1) Let D be conditionally well behaved and S be a saturated mul-
tiplicative set generated by primes such that every nonzero nonunit of D is divisible
by at most a finite number of nonassociated primes from S. If Dg is of finite t-
character, then so is D.

(2) Let D be a UMT-domain (e.g., PoMD) and S be a saturated multiplicative
set generated by primes such that every nonzero nonunit of D is divisible by at most
a finite number of nonassociated primes from S. If Dg is of finite t-character, then
so is D.

Proof. (1) This holds because the hypothesis meets the requirements of Proposition
1 once we note that every prime ideal generated by a principal prime is a maximal
t-ideal and that every prime t-ideal intersecting S contains a prime p from S and
hence is a maximal ¢-ideal generated by p and so being divisible by a prime from
S is equivalent to belonging to the prime ideal generated by that prime.

(2) This is an immediate consequence of (1) because a UMT-domain is condi-
tionally well behaved. O

In [3], the authors studied when the ring D + X Dg[X] is a PuMD of finite ¢-
character, where S is a multiplicative set of D. We end this section with some
necessary conditions for D + X™Dg[X] to be of finite ¢-character. Recall from [10,
Lemma 2.5] that the map ¢ : t-Max(D + X Dg[X]) — t-Max(D + X" Dg[X]), given
by ©(Q) = Q@ N (D + X" Dg[X)), is bijective.

Proposition 9. Let S be a multiplicative set of D, and let R, = D + X" Dg[X]
for an integer n > 1. Then the following statements are equivalent.

(1) Ry is of finite t-character.

(2) R, is of finite t-character for every integer n > 1.

(3) Ry, is of finite t-character for some integer n > 1.

Proof. (1) = (2) Let f € R, be a nonzero nonunit. Then f € R;, and since R; is
of finite ¢t-character, f is contained in at most a finite number of maximal ¢-ideals of
R;. Hence, by [10, Lemma 2.5], f is contained in only a finite number of maximal
t-ideals of R,,. (2) = (3) Clear. (3) = (1) Let g € Ry be a nonzero nonunit, and
assume that R, is of finite t-character for some integer n > 1. Note that X"g € R,,;
so by assumption, X™g is contained in finitely many maximal ¢-ideals of R,. So,
again by [10, Lemma 2.5], X™g, and hence g is contained in at most a finite number
of maximal t-ideals of R;. O

Corollary 10. (cf. [3, Corollary 3.8]) Let K be the quotient field of D. If D is
semi-quasi-local whose mazimal ideals are t-ideals, then D + X" K|[X] is of finite
t-character for every integer n > 1.

Proof. This is an immediate consequence of Proposition 9, because D + X K[X] is
of finite t-character if and only if D is semi-quasi-local whose maximal ideals are
t-ideals [3, Corollary 3.8]. O

A multiplicative set S of D is called a t-splitting set if, for each nonzero d € D,
we have dD = (AB);, where A and B are ideals of D with A; N sD = sA; for all
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s € Sand B;NS # . The notion of ¢-splitting sets was introduced in [2] in order to
study when D + X Dg[X] is a PuMD. It is known that D + X Dg[X] is a PvMD of
finite t-character if and only if D is a PuMD of finite ¢t-character, .S is a t-splitting
set, and the set of maximal t-ideals of D that intersect S is finite [3, Theorem 2.5].
Thus, by Proposition 9, we have

Corollary 11. (cf. [3, Theorem 2.5]) Let S be a multiplicative set of a PvMD D
and n be a positive integer. Then D + X" Dg[X] is of finite t-character when D is
of finite t-character, S is a t-splitting set, and the set of mazximal t-ideals of D that
intersect S is finite.

Corollary 12. (cf. [3, Corollary 2.6]) Let S be a multiplicative set of a Krull
domain D and n be a positive integer. Then D + X™Dg[X] is of finite t-character
if the set of maximal t-ideals of D that intersect S is finite.

Proof. This follows directly from Corollary 11 because every multiplicative set of a
Krull domain is a t-splitting set [2, p. §]. O

2. DOMAINS OF FINITE CHARACTER

Notice that in the statement of Proposition 1 we needed to make sure that every
maximal t-ideal of an integral domain D that is disjoint with S extends to a maximal
t-ideal of Dg. Yet if we were to consider a statement involving maximal ideals we
would have no problem of that kind. Thus, we have the following result.

Proposition 13. Let S be a multiplicative set of D such that every nonzero nonunit
of D belongs to at most a finite number of mazimal ideals M of D with M NS # ().
If Dg is of finite character, then so is D.

Proof. Let x be a nonzero nonunit of D. If x € S, then x belongs to at most a finite
number of maximal ideals intersecting S and to no maximal ideals of Dg. If x ¢ S
then x € M; fori =1,2,...,r where M; NS # () by the condition. Now let z € M,
where M, NS = 0. So x € M,Dg and as Dg is of finite character there are at
most a finite number of distinct M, Dg containing zDg. Thus {M,, | x € M, and
M, NS =0} is finite. Thus x belongs to only a finite number of maximal ideals of
D in either case. U

Corollary 14. Let S be a saturated multiplicative set of D generated by principal
primes that generate maximal ideals such that every nonzero nonunit of D is divis-
ible by at most a finite number of nonassociated primes from S. If Dg is of finite
character, then so is D.

Proof. Note that a nonzero nonunit = being divisible by a prime from S is equivalent
to x belonging to a maximal ideal intersecting S, (here, by hypothesis, the primes
generate maximal ideals). So, by Proposition 13, D is of finite character. O

Corollary 15. Let S be a saturated multiplicative set generated by principal primes
of a Prifer domain D such that every nonzero nonunit of D is divisible by at most
a finite number of nonassociated primes from S. If Dg is of finite character, then
D is of finite character.
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Proof. This follows from the fact that every nonzero principal prime of a Priifer
domain generates a maximal ideal. O

Let D be an integral domain with quotient field K. It is known that R =
D+X K[X] is of finite t-character if and only if D is semi-quasi-local whose maximal
ideals are t-ideals [3, Corollary 3.8].

Corollary 16. Let D be an integral domain with quotient field K, L an extension
field of K, and X an indeterminate over L. Then R = D + XL[X] is of finite
character (resp., finite t-character) if and only if D has only finitely many mazimal
ideals (resp., is semi-quasi-local whose mazimal ideals are t-ideals).

Before we prove Corollary 16 it seems pertinent to give a brief, practical, intro-
duction to the ring D 4+ X L[X]. With D, X and L as in the statement of Corollary
16, D + X L[X] is the set of all the polynomials of L[X] with constant terms from
D. Tt is not too hard to show that R = D + X L[X] is indeed an integral domain,
which is a special case of the general D + M construction of [9]. It can be shown
that every ideal I of R with I N D # (0) is of the form IR = I N D + XL[X]
(see [16, page 107] for details and further references). From [16, Theorem 3] we
conclude that for an ideal P of D, P + X L[X] is a prime (maximal) ideal of R if
and only if P is. Also, from [16, Lemma 2 and Theorem 4], every prime ideal of
R that is incomparable to X L[X] is a maximal ideal of the form (1 + Xg(X))R
and is of height one and every element of the form 1+ X f(X) € R is a product of
powers of primes that generate maximal ideals. Let’s also note that if I # (0) is
an ideal of D, then it is easy to show that (I + XL[X])™! = I~! + XL[X] and so
I+ XL[X])y, =1, + XL[X] (see e.g. [7, Proposition 2.4]). Using this information
one can easily establish that if P is a nonzero ideal of D, then P + XL[X] is a
t-ideal (prime t-ideal, maximal ¢-ideal) if and only if P is. Thus we have the follow-
ing picture: If D is an integral domain that is not a field, D + X L[X] is described
as above, A = {M + XL[X] | M € Max(D)}, B={(1+ Xf(X))R| 1+ Xf(X)
generates a maximal ideal of R}, and C' = {M + XL[X] | M € t-Max(D)}, then
Max(R) = AU B and t-Max(R) = B U C. Now note that in L[X] every prime of
the form r 4+ X f(X), with 7 # 0, is an associate in L[X] of the prime 1+ 2 f(X)
and 1+ £ f(X) € D + XL[X]. As there are infinitely many primes of the form
1+ 2 f(X) in L[X] there are infinitely many primes of the form 1+ Xg(X). Since
each prime of the form 1+ Xg(X) generates a maximal ideal in D + XL[X] we
conclude that D + X L[X] is not semi-local.

Proof. of Corollary 16. If D has infinitely many maximal ideals then D+ X L[X] is
not of finite character because X belongs to all maximal ideals M+ X L[X] where M
ranges over all the maximal ideals of D. So for R to be of finite character D must be
semi-local. Conversely let D be semi-local with maximal ideals My, Ms, ..., M,. and
let S = D\{0}. Then M;+ X L[X] are precisely the maximal ideals of R intersecting
S and so every nonzero nonunit of R can be in at most a finite number of maximal
ideals intersecting S. Next (D + X L[X])s = K + X L[X] which is a one-dimensional
Mori domain [12] and hence of finite character. So, by Proposition 13, D + X L[X]
is of finite character.

A similar argument also shows the case of finite ¢-character. O



NAGATA-LIKE THEOREMS 7

Next, and it is important to note that while D being of finite ¢t-character forces
D[X] to be of finite t-character, as was verified in [3], we do not have this facility
with D being of finite character. For if D is not a field then D[X] is never of finite
character. This can be established as follows.

Proposition 17. Let D be an integral domain that is not a field. Then D[X] is
not of finite character.

Proof. Suppose D is not a field, so D has a nonzero maximal ideal M. Then
D[X]/M[X] ~ (D/M)[X] a ring of polynomials over a field and hence has in-
finitely many maximal ideals. Thus M[X] is contained in infinitely many maximal
ideals of D[X] and so D[X] is not of finite character. O

In Corollary 16 we established that if L is a field containing a domain D then
D+ X L[X] is of finite character if and only if D is semi-quasi-local. A variation on
Proposition 17 lets us establish a more satisfying result on when the A + X B[X]
construction is of finite character.

Proposition 18. Let A C B be an extension of integral domains and let X be an
indeterminate and consider the ring R = A+ X B[X]. If B is not a field, then R is
not of finite character.

Proof. Suppose that B is not a field, so no maximal ideal of B is zero. Let M be a
maximal ideal of B. Let M N A = P. Then, of course M[X] NA = P. Suppose that
M[X] N R is contained in only a finite number of maximal ideals of R. But then
R/(M[X]|NR) ~ A/P + X(B/M)[X] must be semi-quasi-local. The contradic-
tion comes from the fact that A/P 4+ X (B/M)[X] is the D + X L[X] construction
discussed prior to the proof of Corollary 16 and D + X L[X] is never semi-quasi-
local. 0

Recall that in [8] the authors showed that if A is a field in the extension of
integral domains A C B then A+ X B[X] is atomic. Now we know that if B is not
a field then R = A+ X B[X] can never be of finite character. But of course we can
do much better using Proposition 18.

Corollary 19. Let A C B be an extension of integral domains and let X be an
indeterminate, then the ring R = A+ X B[X] is of finite character if and only if B
is a field and A is a semi-quasi-local ring.

Proof. If R is of finite character, then by Proposition 18, B must be a field. But
then by Corollary 16 R is of finite character if and only if A is semi-qusai-local.
The converse again falls to Corollary 16. ]

In [3] we used the Nagata-type theorem to prove that if D is a domain of finite
t-character, then so is D[X]. Why haven’t we given the reason as to why that trick
fails in the finite character case? Well, the reason is amply provided by Proposition
17. As the proof indicates, there are elements of D[X], coming from D\{0} that
belong to infinitely many maximal ideals of D[X]. So, while every nonzero nonunit
of D may belong to only a finite number of maximal ideals of D it belongs to
infinitely many maximal ideals of D[X]. Thus the Nagata-type theorem for finite
character provided by Proposition 13 is not applicable.
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So before making a decision about finite character or about the possibility of
using our Nagata-type theorem it is best to use the oldest trick in the book and
check to see if there is an easy way to find a nonzero nonunit that is in infinitely
many maximal ideals. Thus if D has infinitely many maximal ideals, then D[[X]],
the power series ring over D, is not of finite character, because then D[[X]] would
have infinitely many maximal ideals each containing X. However, if D is semi-quasi-
local, then so is D[[X]] and hence of finite character.

We next give two general constructions for (Noetherian) domains of finite charac-
ter. The first is modeled after Nagata’s celebrated example of a Noetherian integral
domains of infinite Krull dimension [17, Example 1, p 203]. The second construc-
tion is due to Gulliksen [14] where he constructs Noetherian integral domains of
arbitrary Krull ordinal.

Example 20. Let K be a field and A a nonempty set. Let {X,}aca be a set
of indeterminates over K indexed by A and let D = K[{X,}aen]. Let {Ag}ger
be a partition of A. For each Ag, let Mg be the prime ideal of D generated by
{Xataea,- Let S = D\Ugep Mp and put R = Dg.

(1) {(Mp)s}per is the set of maximal ideals of R.

(2) Each f € R\{0} is contained in only finitely many (Mpg)s, so R is of finite

character.
(3)
ht(Mg)s _ dim(R(Mﬁ)S) _ dim(DMﬁ) _ {|A,8| if |Ag| < 00
00 otherwise.

(4)
sup |Ag| if |Ag] < oo forall3 el

00 otherwise.

dim(R) = {
(5) R is Noetherian if and only if each Ag is finite.

Proof. The proof is pretty much the same as that of [17]. First note that, because
a polynomial involves only finitely many indeterminates every f € D\{0} belongs
to at most a finite number of Mg, because of the partition. Then show that if a
prime ideal P is contained in | J Mg then P is contained in some Mg,. Then (1)
and (2) follow from this observation, (3) and (4) are clear and (5) follows since a
domain of finite character is Noetherian if and only if it is locally Noetherian and
R(ps)s = D, is Noetherian if and only if each Ag is finite. O

For Nagata’s example, we can take A = N and T' = {{1},{2,3}, {4,5,6},
{7,8,9,10},...} where the nth subset of " has n elements. Then R is an infi-
nite dimensional regular Noetherian domain of finite character with exactly one
maximal ideal of height n for each n > 1. For a second example, take A = N and
I' = {{1,2},{3},{4},{5},...}. Then R is a two-dimensional regular Noetherian do-
main of finite character where every localization at a maximal ideal save one is a
DVR and that localization is a two-dimensional regular local ring.

Note that the domains R of finite character obtained from Example 20 are all
independent in the sense that each nonzero prime ideal P of R is contained in a
unique maximal ideal, i.e., R/P is quasi-local for each nonzero prime ideal P of
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R. The next construction due to Gulliksen [14] constructs Noetherian domains of
finite character that need not be independent.

Example 21. Let A be any integral domain, not necessarily Noetherian, and let
X = {X,} be a set of indeterminates over A. Let M be a family of finite subsets
of X and let P(M) be the family consisting of all the subsets of all the members
of M. For simplicity, we make the additional assumption that the members of M
are mutually incomparable. Let M A[X] be the ideal generated in A[X], by each
M € M. Let S = A[IX\Uprepm MA[X] and put R = A[X]s. If the set P(M) is
Noetherian (i.e., satisfies ACC w.r.t. inclusion), then a prime ideal P of A[X] is
contained in | J,,;c s MA[X] if and only if P is contained in some M A[X]. So, in
this case, { M A[X]s}arem is the set of maximal ideals of R. It is easily checked that
R has finite character if and only if each X, is contained in only a finite number
of M in M. If P(M) is Noetherian, then R is Noetherian of finite character.

For a non-independent example, take A to be a field K, Let X = {X,,}52, and
take M = {{X1, Xa}, {X1, X3}, {X4},...}, so P(M) is obviously a Noetherian
partially ordered set. Here S = K[{X,}]\ U{(X1, X2), (X1, X3), (X4),...} and so
the maximal ideals of R = K[{X,}]s are (X1, X2)s, (X1, X3)s, (X4)s,.... Here R
is a two-dimensional Noetherian domain of finite character, but the intersection is
non-independent, as R/(X1)g is a PID with two maximal ideals.
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