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ABSTRACT. The proof of the following theovem is presented: If D s,
respectively, a Krull domain, a Dedekind domain, or a Priifer domain, then D is
correspondingly a UFD, a PID, or a Bezout domain if and only if every irreducible
quadratic polynomial in D[X] is a prime element.
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1. PRELIMINARIES

Throughout this note et D, K and X denote respectively an integral domain,
its quotient field, and an indeterminate over D .

As a consequence of the considerations of this note .we obtain the following
results.

Let D be a Krull (Dedekind, Prufer) domain. Then D is a UFD (PID, or a
Bezout domain} if and only if every irreducible quadratic polynomial in D[X] is a
prime element,

These results are all corcaliaries to the following theorem.
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THEOREM 1. Let B be a Prufer v-muitiplication domain such that for each pair
a,b of elements of 0-{0}, ({a)n (b))"l = (c,d)”l for some c¢,d e D . If each
irreducibie quadratic polynomial in D[X] 1is a prime, then D is a GCD domain.
Conversely, if D 1is a GOD domain, then D[X] d4s a 6D domain and each irreducible
polynomial over D[X] is a prime.

The proof of Theorem 1 and its corollaries vequive the notions of v-operation
and Prifer v-multipiication domains. For details on these notions the reader may

consult sections 32 and 34 of Gilmer [1]. WNewertheless, we recall the basic
definitions.

DEFINITION 1. tet F{D}) denocte the set of fractional ideals of D . The
operation on F{D) defiped by A& — (A—l)ml = Av , where A vanges over F(D) , is
called the v-operation. fractional ideal A e F{D) 1is called a v~ideal if A =
Av and a v-ideal A 1is said Lo be a v-ideal of finite type if A = Bv where B
is a finitely gererated fractional ideal. 1In particular, a v-ideal A is said to
be of type 2 if A= (agb)v for some pair of elements a and b of K .

We make considerable use of the following basic properties of the v-operation:

For A.B e F(D)

(i) (Av)v : Av °

(i) (AB)V - (Awa}w - {AVBV)M )

{111) 1If A is a principal fractional ideal, then {AB)W = ABV .

In particular a principal fractional ideal is a v-ideal.

vy at=@ytiet-o, D, =D .

(v} If A and B are w-ideals thenm A n B s a v-ideal.

DEFINITION 2. An integral domain D 1is called a Prufer w-multiplication
domain {or a PYMD For short) if for each v-ideal A of finite type there is a
v-ideal B of finite type such that (AB)V = (AVB)V = {AB) =D.

asTEaY
Krull domains, GCD domains, Prifer domains and their special cases are all

Priifer w-multiplication dowains. fwong many other things a PVMD is integrally
closed.

IT f{X) ds a polymomial in K[X] , then the contert of € 1is the fractional
ideal of D generated by the coefficients of F{X) . Moreover, we usuaily dencte
the content of § by Af .

In the proof of Theorem 1 we shall aiso need the following version of Gauss’
Lemma {see Proposition 34.8 in [11):

Let D be integially closed. 14 f,g e K{X] fhew (Afg)v = (ﬁfﬂg)v}

it is well kpown that an integral domain D 35 a GCD domain if and only if fer
zach pair a.b of elements of D the ideal (a,b}v is principal. We shall use
this fact to prove our theorem; but first a technical lemma.

LEMMA 3. Let D be a PYMD and Tet a,b e D then the fullowing stiatements are
equivaient.
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{1). There exist c,d e such that {(a) n (b))"1 = («c,(l)vTL
{2). There exist c,d € B such that {a) n (b} = {c,d)v
{3). There exist wu,v & K such that ((a,b)(uav}}v =D .

fur)

PROOF. clearly (1)&2(2) so we only prove (2)€=2>(3). According to Griffin [2]
since D 1is a PVMD, {(a,b}{a} n (b) ) = abD for each pair a,b of elements of 0.
Thus  ({a, b}((a) n (k))/a b)( 0. N@w Tet % be a fractional ideal such that
{(x{a, h))w then ¥{{a,b} ({a) n {b))/ab}v = XD and
(x(a,b {(a) n (b}}/ab} (KD} = 'w . PBut
(X(a,b){(a) n (5))/ab), = (((X(a,b)),((a) n (b))/aD), )},

= (b({a) n (b})/ab) = ((a) n (b))/ab .
So that X, = {({a) n (b))/ab and hence (( ) on {b)}/ab is of type 2 if and only if
Xv is of type 2. This verifies the reguired egquivalence

Z. PROOF OF THE MAIN THEOREM.

We are preparved now to prove Theorem 1. Suppose that D is 2 PVMD, Tet a,b e
D, and Tet ¢,d e K such that {({a,b){c, d)‘ =0 . We may assume that (a.b) =
and (c,d) = A,

A(ax+b} (cx+d) - Thus, we have \A(ax+b) (c X+d)}v =D . Since D
is integrally closed, Pr@pobnaian 34.8 of [1] impiies = qﬁ(ax+b)g(fx+d)}v =

+ edinea = o Te { 3
(A{ax+h){cx+d})v . But since {{a,b){c, ﬁ)) D, we conclude {a,b}(c,d) =D .

Therefore, ac, ad, bc, bd ¢ D, and g{X} = fa%+b) ck+d}] 1is a polynomial of degree
2 over D[X] . Obviousiy g{X} ds reducible in DIX] since otherwise the
hypothesis of the theorem would veguire g(X) to be prime in D[X] and hence
irreducible in KIX] . Thus, g(i) 4s a product of two linear polynomials cver
BIxT , say g{X) = (r¥Xes}{tX+u) where r, s, t, u e D . HNow (Ag(X))v

(AWH ){tx%u] = {Arx+sﬂ(tx+u})v = ((rgs)(tou))v . MNow as we have alveady observed
in the proof uf lLemma 3, (t*”}v = {({r} n {s))/vrs . But since t,uebD ,

({rl o (s)ifrs O or, in other words, (r) n {s) = rsD . Whence ¢

[ v} n (s) = rsh
and l:t h = { ) n \\}}!W

=
wilarly ;a))

=0 . 3
Now 911(0 {aX+b) (cX+d) = {rX+s){tX+u) , aX+h s an associate of ri+s or of
@ . b Caus A\ {‘m " The L= f -
thty  in K[AT . Say aX+b = kirX+s) . Then A(ax%hy Ak(r s) kA(fX+s) and
(A(ax+b))w = K ersiA = kD . Thus, we conclude {agb}v = kD is a principal

ideal.

Since the converse of this theorem is obvious, the proof of theorem 1 is
complete.

3. APPLICATIONS OF THE MAIN THEOREM.

We shail now point out some of the known PYMD's which satisfy the requirement
that aD n bD = (cgd)v . {Tn what follows we shall call this condition the type two
condition. ) y
(1). Prufer domains: Recall that D is a Priifer domain if each finitely gemerated
(fractiomal) ideal A nof D ds fnvertible. I is easy to see that a PYMD is a
generalization of & Priufer domain. That a Prufer domezin satisfies the type two
condition can be verified from Gilmer and Meinzer [3, p. 1437.

(2). Rings of Krull fype: A ring of Lrull type is a ring D of finite character
whose defining family W of valvations has the property that for each w e W the
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corresponding valuation domain Dw is a quotient ring ef D {cf. Griffin [4] for
details).

Accerding te [4] a ring of Krull type is a PVWMD. In fact a ving of Krull type
is a generalization of a Krull domain. Woreover, according to [4] every v-ideal A
of finite type of a ring of Yrull type is a w-ideal of type two. As a result of the
above observation appropriate corollaries can be derived. But since the Krull and
Dedekind domains are the more well known special cases of the above mentioned tvpe
two PVMD's we state the following corollary.

COROLLARY 4. A. Krull (Dedekind} domain is a UFD (PID) if and only if each
irreducible quadratic polynomial over D is a prime.

REMARK 5. The obvious anaiogue of Corollary 4 for Prifer domains can be found,
impiicitly. in the proof of part {b) of Theorem 28.8 of {17,

REMARK 6. The conditions under which a Krull domain becomes a UFD have always
been of interest and Corollary 4 gives probably the simplest such condition.

REMARK 7. Since the class of Prufer w-multiplication domains contain the class
of Prufer domains it seems reasonable to conjecture that for each pair of elements
of a P¥MD, aD 2 bD is 2 w-ideal of type 2. At this time we have not been able to
prove or disprove this conjecture.

REMARK 8. From the proof of Theorem 1 it follows that this theorem can be
stated in the following alternative form.

Let D be a PUMP with the fype fwo property. 1§ each fueducible quadnatic
polynomial of DIx] 4s fvieducible in gIx7] , Zhen § 44 a GCP domain,
Comvensely, i4 D A8 a GCO domain, then each uveducible polynomicf of D[Y] 44 a
prime.

As a consequence of the above stated form of Theorem 1, we can say that if D
15 a PYMD with type two property such that D s not a GCD domain then there wmust
exist a guadratic polynomial 9n DIX} , which is irreducible over D[X] and
reducible over K[X1 .
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