
QUESTION (HD 1802): In a personal communication, Professor Gyu
Whan Chang wrote: I have the following objection to the proof of your Theorem
1 of your paper, with Tiberiu Dumitrescu, on, "Characterizing domains of �nite
*-character" (JPAA 214 (11(2010) 2087-2091.)
In line -4 ~-1 of page 2088,
you said that "If V_n is not homogeneous, then V_n is contained in at least
two *-comaximal elements
which are *-comaximal with V_1, ..., V_{n-1}. This contradicts the
maximality of U."
But why is this a contradiction ? If W_1, W_2 are the two *-comaximal
elements,
then U is contained in W = {V_1, ... , V_{n-1}, W_1, W_2} ?
(I think you thought that U is contained in W, which contradicts the
maximality of U.
But U is not contained in W as a set.)
ANSWER: A very astute observation indeed and we stand corrected. But,

before I answer and put forward the necessary correction, let me put the other
readers up to speed on this by �rst giving below the statement of the theorem
along with its proof, marking the under scrutiny part of the proof .
Theorem A (Theorem 1 of [1] . Let D be an integral domain, � a �nite char-

acter star operation on D and let � be a set of proper, nonzero, �-ideals of �nite
type of D such that every proper nonzero �-�nite �-ideal of D is contained[1]
in some member of �. Let I be a nonzero �nitely generated ideal of D with
I� 6= D. Then I is contained in an in�nite number of maximal �-ideals if and
only if there exists an in�nite family of mutually �-comaximal ideals in � con-
taining I. Equivalently, with the same assumption on I; I is contained in at
most a �nite number of �-maximal ideals if and only if I is contained in at most
a �nite number mutually �-comaximal members of �:
Call a proper �-�nite �-ideal A of D homogeneous if A is contained in a

unique maximal �-ideal.
Lemma B (Lemma 2 of [1]). Let D be a domain, � a �nite character star

operation on D and let � be a set of �-�nite �-ideals of D as described in
Theorem A. A proper �-�nite �-ideal A of D is homogeneous if and only if
whenever B;C 2 � are containing A, we get (B;C)� 6= D.
Proof. ()). Suppose that M is the only maximal �-ideal containing A and
B;C 2 � ideals containing A: Then B;C � M , so (B;C)� 6= D. ((): Sup-
pose that A is contained in two distinct maximal �-ideals M1;M2. Hence
(M1;M2)

� = D, so we can choose �nitely generated ideals Fi � Mi, i = 1; 2,
such that A � F �i and (F1; F2)� = D. There exist G1; G2 2 � such that Fi � Gi,
i = 1; 2. Hence A � G1; G2 and (G1; G2)� = D.
Proof. (of Theorem A) The implication (() is clear since a maximal �-ideal
cannot contain two �-comaximal �-ideals. ()): Deny. So the following con-
dition holds: (]) there is no in�nite family of mutually �-comaximal ideals in
� containing I; � as de�ned in Theorem A. First we show the following prop-
erty: (]]) every proper �-�nite �-ideal I 0 � I is contained in some homogeneous
ideal. Deny. As I 0 is not homogeneous, there exist P1; N1 2 � such that
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I 0 � P1; N1 and (P1; N1)� = D (cf. Lemma B ). Since N1 is not homoge-
neous, there exist P2; N2 2 � such that N1 � P2; N2 and (P2; N2)� = D. Note
that (P1; P2)� = (P1; N2)

� = D. By induction, we can construct an in�nite
sequence (Pk)k�1 of mutually �-comaximal ideals in � with I 0 � Pk, k � 1.
This fact contradicts condition (]). So (]]) holds. To show that I is contained
in at most a �nite number of maximal �-ideals we proceed as follows. Let S be
the family of sets of mutually �-comaximal members of � containing I: Then
S is non-empty by (]]): Obviously S is partially ordered under inclusion. Let
An1 � An2 � ::: � Anr � ::: be an ascending chain of sets in S. Consider
T = [Anr : We claim that the members of T are mutually �-comaximal. For
take x; y 2 T; then x; y 2 Ani ; for some i; and hence are �-comaximal. Hav-
ing established this we note that by (]); T must be �nite and hence must be
equal to one of the Anj : Thus by Zorn�s Lemma, S must have a maximal el-
ement U = fV1; V2; :::; Vng: That each of Vi is homogeneous follows from the
observation that ... begin under scrutiny part ....
"if any of the Vi; say Vn by a relabeling, is nonhomogeneous then by Lemma B

Vn is contained in at least two �-comaximal elements which by dint of containing
Vn are �-comaximal with V1; :::; Vn�1: This contradicts the maximality of U" ....
end under scrutiny part.....
Next let Mi be the maximal �-ideal containing Vi for each i and M be

a maximal �-ideal that contains I and suppose that M does not contain any
one of Vi: Then M is �-comaximal with each of the Mi: But then there is
x 2Mn[Mi: Clearly (x; Vi) is contained in no maximal �-ideals and so (x; Vi)� =
D: But then (I; x) � M is �-comaximal with each of Vi and by (]]); (I; x) is
contained in a homogeneous �-ideal of �nite type which being �-comaximal with
Vi again contradicts the maximality of U . Consequently I is contained exactly
in M1;M2; :::;Mn: The Equivalently part does not need extra proof being a
contrapositive of the result that we have just proven.
Looks like an impossible spot that we are in, but it can be easily remedied

by switching to the number of mutually �-comaximal elements and saying: Let
n be the largest number of mutually �-comaximal elements of � containing I,
say I � Vi 2 fV1; V2; :::; Vng and show as you have done above that assuming
non-homogeneousness of any of the Vi would cause the number of mutually �-
comaximal members of � containing I to go up, which would indeed be the
desired contradiction that leads to the conclusion that the Vi are all homoge-
neous and then completing the proof as in the paper. But we can avoid entering
the Zorn maze altogether and write the proof of the theorem as follows.
Proof. (Alternate proof of Theorem A.) The implication (() is clear since
a maximal �-ideal cannot contain two �-comaximal �-ideals. ()): Deny. So
the following condition holds: (]) there is no in�nite family of mutually �-
comaximal ideals in � containing I; � as de�ned in Theorem A. First we show the
following property: (]]) every proper �-�nite �-ideal I 0 � I is contained in some
homogeneous ideal. Deny. As I 0 is not homogeneous, there exist P1; N1 2 �
such that I 0 � P1; N1 and (P1; N1)� = D (cf. Lemma B, which is lemma 2 in
the published paper). Since N1 is not homogeneous, there exist P2; N2 2 � such
that N1 � P2; N2 and (P2; N2)� = D. Note that (P1; P2)� = (P1; N2)

� = D.
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By induction, we can construct an in�nite sequence (Pk)k�1 of mutually �-
comaximal ideals in � with I 0 � Pk, k � 1. This contradicts condition (]). So
(]]) holds.
From the above procedure we conclude that the ideal I is contained in at

most a �nite number n of mutually �-comaximal members of � and that each of
them can be assumed to be homogeneous, because of Lemma B. Let V1; V2::::; Vn
be all the mutually �-comaximal homogeneous ideals containing I and note that
there can be only �nitely many of them. Next let Mi be the maximal �-ideal
containing Vi for each i andM be a maximal �-ideal that contains I and suppose
that M does not contain any one of the Vi: Then M is �-comaximal with each
of the Mi: But then there is x 2 Mn [Mi: Clearly (x; Vi) is contained in no
maximal �-ideals and so (x; Vi)� = D: But then (I; x) �M is �-comaximal with
each of Vi and by (]]); (I; x) is contained in a homogeneous �-ideal of �nite type
which being �-comaximal with Vi increases the number of homogeneous �-ideals
containing I; by one, a contradiction. Consequently I is contained exactly
in M1;M2; :::;Mn: The Equivalently part does not need extra proof being a
contrapositive of the result that we have just proven.
Remarks (1). It is worth noting that in some situations, it is not really

necessary to use Zorn�s Lemma and if we do end up using it, we can argue on
the number of mutually �-comaximal being at most �nite, if the situation allows
it, as we have seen above. As some of my advisors would say if a big theorem
does not directly apply, you do not have to drag it in. Instead create your own
alternative theory. But of course your theory has to have a sound basis. For if
you can�t defend it, it�s no theory. As usual with me, I have invited comment
from some other Mathematicians. Will, hopefully, include them at the end, as
I receive them.
(2). Professor Tiberiu Dumitrescu initially o¤ered a response to Professor

Chang�s question. Now he has a new soluton. As his approach gives a di¤erent
proof and not just one that includes the corrective patch, I had no choice but
to put it at the end.
Professor Tiberiu Dumitrescu�s approach

Prof. Gyu Whan Chang pointed some gaps in the proof of Theorem 1 in [1].
We repair.
Let (B;�) be a partially ordered set whose every element is � some maximal

element. Let Max(B) be the set of maximal elements.
� Call two elements b1; b2 2 B comaximal if there is no m 2 Max(B) such

that b1; b2 � m.
� Call C � B a comaximal subset if every two distinct elements in C are

comaximal.
� Say that h 2 B is homogeneous if a � m for a unique m 2Max(B).

Proposition 1 With B as above, let A be a nonempty subset of B such that
(1) every non-homogeneous a 2 A is � a1; a2 for some comaximal elements

a1; a2 2 A.
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(2) If fm1; :::;mng is a proper subset of Max(B), there exists some a 2 A
which is not � mi for any i.
Then the following are equivalent.
(a) Max(B) is �nite.
(b) Every comaximal subset of A is �nite.

Proof. Implication (a)) (b) follows easily from de�nitions.
(b)) (a). We �rst prove:
Claim (]). Every a0 2 A is � some homogeneous element. Deny. By (1),

we have a0 � b1; c1 for some comaximal elements b1; c1 2 A. Again by (1), we
have c1 � b2; c2 for some comaximal elements b2; c2 2 A. Note that b1,b2 are
comaximal. Continuing in this way, we construct the in�nite comaximal subset
fbnjn � 1g of A, which is a contradiction.
From (b) and (]), there exists a �nite comaximal set fh1; :::; hng consisting

of homogeneous elements of A such that every x 2 A is not comaximal to some
hi. As hi is homogeneous, hi � mi for a unique mi 2 Max(B). It follows that
every x 2 A is � some mi, hence Max(B) = fm1; :::;mng, cf. (2).

Theorem 2 Let D be a domain and � a �nite character star operation on D.
Let E be a nonempty set of ideals of D such that
(i) J� 6= D for each J 2 E.
(ii) If J 2 E, x 2 D and (J; x)� 6= D, then (J; x) is contained in some

H 2 E.
Then, for a �xed I0 2 E, the following are equivalent:
(a) I0 is contained in only �nitely many maximal �-ideals.
(b) Every C � E of mutually �-comaximal ideals of E containing I0 is �nite.

Proof. Apply Proposition 1 for B := fHj H ideal of D, I0 � H and H� 6= Dg
and A := B \ E.

References

[1] T. Dumitrescu and M. Zafrullah, Characterizing domains of �nite �-
character, J. Pure Appl. Algebra 214 (2010), 2087-2091.

Remark added on May 3, 2019. Professor Chang has published a paper
with Haleh Hamdi correcting in Lemma 2.3 the proof of Theorem 1 of our
(Professor Dumitrescu�s and mine) paper. The Chang Hamdi paper [CH] is
entitled: Bazzoni�s conjecture and almost prufer domains and it has appeared,
in Comm. Algebra Vol 47 (7) (2019), 2931-2940
Wondering if I did anything at all to correct the situation, I looked into my

old notes and emails. Sure enough there was an email containing a tex �le titled
Corrigendum, sent to Professor Dumitrescu, on 4/26/2010. I copy it below
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�Corrigendum for "Characterizing domains of �nite �-character"
Tiberiu Dumitrescu and Muhammad Zafrullah

There is some confusion in lines 8-15 of the proof of Theorem 1. In the
following we o¤er a �x to clear the confusion and give a rationale for the �x.
The �x: Read the proof from the sentence that starts from line 8 as follows:
Let S be the family of sets of mutually �-comaximal homogeneous members

of � containing I. Then S is nonempty by (]]): Obviously S is partially ordered
under inclusion. Let An1 � An2 � ::: � Anr � ::: be an ascending chain of
sets in S. Consider T = [Anr : We claim that the members of T are mutually
�-comaximal. For take x; y 2 T; then x; y 2 Ani ; for some i; and hence are
�-comaximal. Having established this we note that by (]); T must be �nite and
hence must be equal to one of the Anj : Thus by Zorn�s Lemma, S must have
a maximal element U = fV1; V2; :::; Vng: Disregard the next two sentences and
read on from: Next let Mi be the maximal �-ideal....
Rationale for the Fix: Using sets of mutually �-comaximal elements would

entail some unwanted maximal elements as the following example shows: Let
x = 2252 in Z the ring of integers. Then S = ff(2252)g; f(252)g; f(225)gf(22)g;
f(52)g; f(22); (52)g; f(2)g; f(5)g; f(2); (52)g; f(22); (5)g; f(2); (5)gg: In this case,
while S includes legitimate maximal elements: f(22); (52)g; f(2); (52)g; f(22); (5)g; f(2); (5)g
it also includes f(2252)g; f(252)g; f(225)g which �t the de�nition of maximal
elements. The reason why the �x should work is that given any set T =
fA1; A2; :::; Amg of mutually �-comaximal �-�nite ideals, by (]]) there is a set of
mutually �-comaximal homogeneous �-�nite ideals fH1;H2; :::;Hng in �; where
n � m such that each Hj contains some Ai: Also as a homogeneous ideal cannot
be contained in two disjoint ideals we do not face the above indicated problem
and Zorn�s Lemma gives the required maximal elements.�
Professor Tiberiu had this objection to my suggestion or that and the Cor-

rigendum was all forgotten. Of course I had written up a direct proof, with
Dan Anderson�s help, of �Theorem 1�and published it in [AZ, Rendiconti del
Circolo Matematico di Palermo, 2011, Volume 60, Number 3, Pages 319-322]
with Dan.
In case an attentive reader �nds the proof given in Lemma 2.3 of [CH] and

the one that would result from inclusion of the �x o¤ered in the corrigendum
above uncannily similar and thinks the corrigendum is a later production, here�s
my email address: mzafrullah@usa.net write to me and I will happily send the
actual email that I sent to the good Professor on 4-26-2010. For now here is the
link that would take you to twitter, I have put a copy of the e-mail and a pdf
version of the attached �le:
https://twitter.com/mzafrullah/status/1125831957332602880
Comment added on June 4, 2019: It appears the above link is not working

anymore, for some unknown reason. So the next best thing is to put below
copies of the �les that were included in the above Twitter link
Comment added on July 2019: It may be useful to read this: https://arxiv.org/pdf/1907.04384.pdf
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